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Prediction of the Turbulent Near-Wake
of a Symmetrical Aerofoil

P. BraDSHAW®
National Physical Laboratory, Teddington, England

Nomenclature

K; = “universal’”’ constant in wake mixing-length formula for
inner wake

L = dissipation length parameter, nominally (r/p)%2/(dissipa-~
tion)

! = mixing length, defined as (+/p)Y2/(QU /dy)

U = velocity in z direction

Uy = U atedge of boundary layer

z = distance along wake centre line from trailing edge

y = distance normal to wake centre line

y, = distance from centre line to the outgoing characteristic
that starts at the trailing edge

8595 = boundary layer thickness (to U/U; = 0.995)

3. = displacement thickness

d2 = momentum thickness

Analysis

OTH the model equations of Ref. 1 and theoretical work?-3

on the effects of a change of surface roughness on a turbu-

lent boundary layer indicate that (apart from a displacement
effect) the influence of a disturbance at the surface is confined
to a new ‘“‘inner boundary layer” whose origin is at the point
of disturbance. In this paper we treat the presence of a
trailing edge as an extreme case of such a disturbance. In
the model of Ref. 1, which leads to hyperbolic equations, the

edge of the inner boundary layer is the outgoing characteristic

that leaves the surface at the point of disturbance. If y/8gs
< 0.2 the only independent length scale in an ordinary bound-
ary layer is y; therefore if the thickness of the inner boundary
layer, y., is less than 0.2849; the disturbed flow can be de-
scribed by a length scale y and a parameter y/y., leading to
“self-preserving” (similar) forms for the perturbations of
velocity and shear stress.? Strictly, this simple state of af-
fairs exists only if the disturbance is small enough for “his-
tory” effects on the turbulence structure to be neglected but it
should be a good first approximation in practice. Since
dy./dx is usually about 0.03 if the disturbance is smali,?
Yo 1s less than 0.28¢s for & < Tdees approximately. Now
within the inner boundary layer, dimensional analysis shows
that any dependent length scale, I say, can be written as
L/y = fi(y/y.) and any dimensionless quantity can be written
as fo(y/y.). If we can use experimental data in one wake to
determine the dependence on ¥/y. of the length scale L and
the dimensionless quantities a; and G used in the method of
Ref. 1, we can then calculate any other (symmetrical) wake
near enough to the trailing edge for y. to be less than 0.28ss.
In fact, we do not yet have enough data to do this: all we can
do is to take advantage of the fact that in the inner layer the
shear stress equation of Ref. 1 reduces to the “‘mixing length”
formula, so that L = (7/p)'/2/(dU/dy) and use measurements
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Fig.1 Comparison with the data of Ref. 6: displacement
thickness and shape parameter.

of 7 and U to deduce the best choice for L/y = fi(y/y.). For
Yy > Y., L = Ky=0.4y as usual; the rest of the shear layer is
calculated in the same way as an ordinary boundary layer,
the only other difference being that the log-law boundary
condition at y = 0 is replaced by 7 = 0, dU/dy = 0. The
wake could of course be predicted by adaptations of other
methods of boundary-layer calculation, and Nee and Kov-
asznay (private communication) have extended their method®
to this problem: the advantage of the method of Ref. 1 is
that it gives an explicit value for y.. Calculations for the
whole length of the wake would require more experimental
data. According to Ref. 4 the pressure gradient normal to
the wake is small, even at the trailing edge.

A “Mixing Length” Fit to the Data of Ref. 6

In any symmetrical wake, the velocity gradient and shear
stress both vary as y near y = 0, so that the mixing length,
= (r/p)V2/(QU/dy), varies as y V2 (in an asymmetric wake,
1 is imaginary in part of the flow). In the undisturbed part
of the near-wake (y > y.) we expect I. = 0.4y as in a boundary
layer. According to the dimensional arguments in the last
section, we may choose L = 0.4yf(y/y.), where f(y/y.) = K,
(y/y.)*'*for smally/y, and f = 1 for y > y.. The only wake
measurements that include shear stress profiles are those of
Chevray and Kovasznay,® which enable us to find the con-
stant K;. The detailed behaviour of the length L in the re-
gion of transition between L « y~'2and L « y does not seem
to be very critical: therefore we have assumed a sharp transi-
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Fig. 2 Comparison with the data of Ref. 6: shear stress
profile at x = 50 cm (9.6 initial §o,s).
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Fig.3 Comparison with the data of Ref. 4: displacement
thickness.

tion at the intersection of the two curves. We have chosen
K, = 0.26 to give the best agreement between Chevray’s data
and calculations by the method of Ref. 1, using a length scale
L equal to 0.4 yK,(y/y.) "2 near y = 0—which is virtually
the same as using a mixing length varying in the same way.
The results for K; = 0.26 are shown in Figs. 1-2. The down-
stream limit of validity, the value of z at which 3, reaches
0.26, is marked on Fig. 1. Fig. 2 shows the shear stress pro-
file at about this value of . Chevray’s measurements were
at rather low Reynolds number, about 2000 based on momen-
tum thickness, so that the optimum value of K, probably con-
tains an inbuilt allowance for a thick viseous sublayer, though
the effect of the latter on ds;/dz would be felt only for a few
sublayer thicknesses downstream of the trailing edge.

Figure 3 shows a comparison, using K; = 0.26, with the data
of Firmin*for an R.A.E. 101 aerofoil at zero incidence. At the
trailing edge, 6945 is about 0.018 of the chord. The broken
line in Fig. 3 is the data fit as given in Ref. 4, including points
further downstream. The agreement is not as good as with
Chevray’s data, but Firmin did not measure shear stress pro-
files and the starting conditions for the wake calculation are
rather uncertain (for details, see Ref. 7). The fact that the
experiments were done at M = 0.4 and the calculations at
M = 0 should not have affected the results appreciably. We
have not yet written a program for the compressible wake but
an indirect check on compressibility effects was made by doing
a boundary-layer caleulation, with the same pressure distribu-
tion and initial conditions as in the wake, at M = 0.4 and
M = 0: the incompressible shape factor H == 5,/8, (ignoring
density changes), agreed to within about 0.005. This calcula-
tion revealed that the variation of displacement thickness in
the “boundary layer” and wake calculations was almost ident-
ical (in fact the boundary layer values are closer to the experi-
mental data). This is undoubtedly a coincidence; it is far
from true for Chevray’s constant-pressure wake, but the
same may happen in other aerofoil wakes in strong favourable
pressure gradient,

The simple “mixing length’” fit used here is not valid once
the inner wake has spread outside the inner layer of the bound-
ary layer. In the outer layer, y./8qs5 is an extra parameter,
changes in the energy-diffusion function G will oceur and,
most important of all, the flow will no longer be self-preserving
in Townsend’s sense. A comparison’ of the caleulated shear
stress profiles with Chevray’s measurements shows that large
errors accumulate for £ > 50 cm. However, the mixing
length fit should be valid far enough downstream for displace-
ment surface calculations, and a more refined treatment must
await more data on the turbulence structure of wakes. In
asymmetrical wakes, separate calculations for each side will
give a first approximation to §;. To predict the profiles we
need data on the interaction between opposing shear layers.
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Correlation between Turbulent Shear
Stress and Turbulent Kinetie Energy

P. T. Harsua* anp 8. C. Leet
ARO Inc., Arnold Avwr Force Station, Tenn.

Nomenclature
a = constant of proportionality in relation between
turbulent shear stress and turbulent kinetic energy
k = turbulent kinetic energy
Re = Reynolds number
U = mean velocity
w’'w’;w’ = components of turbulent fluctuation velocity
p = density
T = turbulent shear stress
Subscripts
J jet

[

[ outer stream

Other symbol
() = time-average

Introduction

INCE the development of the mixing length concept by
Prandtl' in 1925, analytical investigations of turbulent
flow phenomena generally have used some form of a locally
dependent shear stress model. Today a number of such
models are available, yet none can be applied to the analysis
of a wide variety of turbulent flow problems with reasonable
confidence. It is obvious that a more fundamental approach
is needed. One such approach involves the use of the turbu-
lent kinetic energy equation.

One of the first investigators to consider this approach
was Nevzgljadov, cited in Ref. 2, who proposed to select the
mean velocity, the mean pressure, and the turbulent kinetic
energy as the independent variables in a turbulent boundary
layer analysis. He further proposed a relation in which the
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